The notions of a building [6] and , later , a twin building [7] were introduced to give an axiomatical geometric treatment of groups with BN-pairs and with twin BN-pairs . For this reason , buildings and twin buildings have always been studied from a point of view relevant to (and originated from) BN-pairs .
In this paper we shall consider only the thick case : when valencies of all vertices in T ϩ and T Ϫ are greater than 2 .
Then the trees T ϩ and T Ϫ are necessarily isomorphic , and are of valency ( k , l ) for some k , l ( [2] ) . The twin tree -2 of constant valency 2 is unique up to isomorphism and can be described as follows :
An isometric copy of -2 in a twin tree is called a twin apartment .
. T REES FROM G ROUPS
First we shall introduce a convenient language with which to speak of a ( k , l )-valent tree .
D EFINITION 2 . 1 . Let G , H be arbitrary groups . Let E ϭ G ‫ء‬ H be their free product , and V ϭ ͕ Gx ͉ x E ͖ ʜ ͕ Hx ͉ x E ͖ . The tree T G ,H ϭ ( V , E ) is the graph with the vertex set V and the edge set E , an edge being incident with the two vertices containing it . If G Ӎ Z k , H Ӎ Z l are both cyclic , then we shall write T k ,l instead of T G ,H , and T k if further k ϭ l .
The group E ϭ G ‫ء‬ H naturally acts on T G ,H by right multiplication . This action is regular on edges (i . e . it is edge transitive , and the stabilizer of an edge is trivial) . For any path p ϭ ( e 1 , . . . , e n ) (where e i E are edges) we define its shape ␦ ( p ) ϭ ( d 1 Also , for two vertices x , y , by ␦ ( x , y ) we shall denote the shape of the path from x to y .
. T HE C ONSTRUCTION
We begin our construction of a twin tree -ϭ ( T ϩ , T Ϫ , cod) with choosing a suitable isomorphism between T ϩ and T Ϫ . Then we will be able to speak about -in terms of a single tree T with a codistance function c : T ϫ T 5 ‫ގ‬ , which will not be symmetric .
D EFINITION 3 . 1 . A pairing of a twin tree ( T ϩ , T Ϫ , cod) is a tree isomorphism π : T ϩ 5 T Ϫ such that cod( x , π ( x )) ϭ 0 for all x . The pairing is symmetric if cod( x , π ( y )) ϭ cod( π ( x ) , y ) whenever d ( x , y ) р 2 . 
Suppose that the pairing π is already defined on a vertex x T ϩ , and on exactly one of its neighbours y T there is exactly one ( z ) T Ϫ π ( x ) at codistance 2 from z ; all others being at codistance 0 . So , we need to choose a matching
given matching , and containing a given edge ( y , π ( y )) . This is always possible ; and can be done in a unique way if ͉ T ϩ x ͉ ϭ 3-parts (a) and (b) are proved .
The resulting pairing will be symmetric if we ensure on each step that the following condition holds :
For
This can be done if the valency is even ; and in a unique way when the valency is 4 . The lemma is proved .
ᮀ
Given any tree isomorphism π :
Ϫ , cod) , we define the hal ed twin tree -π ϭ ( T , c ) as follows :
The function c has the following properties :
It is obvious that the converse is also true : given a function c : T ϫ T 5 ‫ގ‬ satisfying (T1) and (T2) , one can reconstruct a twin tree . So , to construct all twin trees of given valency , it is suf ficient to construct , for a given tree T of this valency , all functions c : T ϫ T 5 ‫ގ‬ satisfying (T1) and (T2) . By Lemma 3 . 2 , we can further demand that c satisfy the condition
So , from now on , by a halved twin tree we shall mean a pair ( T , c ) satisfying all three conditions (T0) -(T2) .
An obvious approach would be to construct such function c inductively , step by step . This approach succeeds .
Let
A partial codistance function (pcf) of height n is a function c n : X n 5 ‫ގ‬ satisfying the condition (T0) , and the conditions (T1) and (T2) whenever
We shall construct a function c satisfying (T0) -(T2) as the union of partial codistance functions c n , n у 0 . 
Let n у 1 . Take any two vertices p , q at distance n Ϫ 1 . Let A ϭ T p and B ϭ T q . We shall define the values c Ј ( x , y ) for all pairs x A , y B at distance n ϩ 1 , so that the condition (T1) is satisfied for all pairs ( a , q ) , a A , and (T2) is satisfied for all pairs ( p , b ) , b B .
If we do this for all pairs ( p , q ) at distance n Ϫ 1 we shall obtain a correctly defined pcf c Ј : X n ϩ 1 5 ‫ގ‬ of height n ϩ 1 . Indeed , each pair of vertices at distance n ϩ 1 , as well as each new instance of the conditions (T1) and (T2) , will have been treated exactly once . Let our tree T have valency ( k ϩ 1 , l ϩ 1) . For simplicity of notation , we shall write xy instead of c ( x , y ) and / or c Ј ( x , y ) .
We shall consider several cases . 
We only need to check that these d ϩ e conditions never lead to a contradiction .
Occasionally we will abuse notation by writing , say , X ϭ ͕ 3 , 1 , . . . , 1 ͖ ϭ Y even when the multisets X and Y are not necessarily of the same size .
Case 2 : n ϭ 2 . Here pq ϭ 1 . The conditions (T1) and (T2) applied to ( p , q ) imply that
. We know that p ϭ s and r ϭ q ; hence ps ϭ rq ϭ 0 , and the value 2 of codistance is attained for some a i , and for some b j .
Let pb 1 ϭ a 1 q ϭ 2 . Then we have
for i у 2 . These equalities can be satisfied in a unique way :
In all remaining cases , arguments will be similar ; we shall present them in a condensed form . Note that rs must be equal to one of pq , pq ϩ 2 or pq Ϫ 2 .
Case 3 : n у 3 .
We have a i q ϭ pb i ϭ ps ϭ rq ϭ 1 .
The number of solutions is ( d Ϫ 1)! In particular , for valency 3 the solution is unique :
The number of solutions is d ! .
3 . 1 . pq ϭ 1 .
We have ps ϭ rq ϭ 2 . Then pb i ϭ a i q ϭ 0 , and 
Then ps ϭ rq ϭ x Ϫ 1 . As above , we assume without loss of generality that
Similarly , pb 1 ϭ x ϩ 1 . Now we can find A i and B i :
The solution is unique : 
, and rb i ϭ x Ϫ 2 for all i . 
In this case
, contrary to the assumption that c n satisfies (T2)-this case never occurs .
We have considered all possibilities , thus proving that one always can continue the process of constructing the functions c n . We see also that the solution is not unique only in two cases :
when the valency of p (and of q ) is greater than 3 .
, for even n the function c n ϩ 1 extending c n is unique . Also , when the tree is 3-valent and n ϭ 3 , the function c 4 extending c 3 is unique . In all other cases there are infinitely many pairs ( p , q ) , d ( p , q ) ϭ n Ϫ 1 for which the solution is not unique . Thus both assertions of the theorem are proved . ᮀ R EMARK . By inspecting the proof one can easily see that when pq ϶ 0 the value of ab is expressed by a simple formula :
(Absolute value is needed only to cover the case aq ϭ pb ϭ 0 , pq ϭ 1 . ) Moreover , the possibility of choice can arise only when pq ϭ as ϭ rb ϭ 0 . If pq ϭ 0 , and as ϭ 2 or rb ϭ 2 then ab ϭ 0 . Actually , the following simple lemma holds (and will be useful later) . L EMMA 3 . 5 . Let ab and cd be edges in T ϩ and T Ϫ respecti ely . Then either
. T HE N UMBER OF N ON -I SOMORPHIC T WIN T REES
Now we shall use Theorem 3 . 4 to prove that for any pair ( k , l ) , k , l Ͼ 2 , there are continually many non-isomorphic twin trees of valency ( k , l ) . We need to overcome one obstacle : when at least one of the valencies k , l is more than 3 , each twin tree of valency ( k , l ) has uncountably many pairings .
T HEOREM 4 . 1 . For e ery pair ( k , l ) , k , l Ͼ 2 , the number of non -isomorphic twin trees of alency ( k , l ) is the continuum . P ROOF . Let T ϭ T k ,l be the tree generated by the group Z k ‫ء‬ Z l as in Section 2 . We shall use additive notation for the cyclic groups K ϭ Z k and L ϭ Z l , and denote their elements by integer numbers .
We will call a halved twin tree ( T , c ) special if the following conditions are satisfied ( x , y V ( T ) , w ϭ ␦ ( x , y )) : w ϭ ( a , 1 , a ) 
Also , we will call a pairing of a twin tree special if it gives rise to a halved twin tree isomorphic to a special one .
The theorem is an immediate consequence of the following two claims . 
Claim 1 follows directly from Theorem 3 . 4(b) . Indeed , the condition (Sp1) determines the partial codistance function c 2 of height 2 . The condition (Sp2) partially determines the function c 4 in a way consistent with the procedure of Theorem 3 . 4 . Therefore , any partial codistance function c 4 satisfying (Sp1) and (Sp2) can be extended to a codistance function in continually many ways . Now we shall prove Claim 2 .
Any special pairing π can be defined by two tree isomorphisms
, where ( T , c ) is a special halved twin tree ; and if π satisfies the condition of the claim then , without loss of generality , we can assume that 
Eventually we will determine the functions Ú for all vertices of T Ú . It may happen that at some stage we arrive at a contradiction-some initial values of Ú may not give a special pairing . But , in any case , the claim is proved .
ᮀ

. E NDS AND C ORRIDORS
Let -ϭ ( T ϩ , T Ϫ , cod) be a twin tree , π its pairing , and ( T , c ) the corresponding halved twin tree . A root of -may be defined as follows . D EFINITION 5 . 1 [2] . A root of -is a pair of infinite in one direction paths
An end of -is a pair of ends of the tree T determined by some root .
Any root of -naturally determines a pair of ends in the halved twin tree ( T , c ) .
These two ends are necessarily distinct , and therefore determine a doubly infinite path in T (let us call it ' double end ') . In this section we shall determine metric structure of such double ends . 
for any i . 
Choose some k ‫ޚ‬ for which l ϭ l ( k ) Ϫ k is minimal . We shall prove that all ( l ϩ 2)-segments of the infinite path ( x k , x k ϩ 1 , x k ϩ 2 , . . . ) belong to X l .
The case l ϭ 0 is easily handled . We need only prove that c ( x i , x i ϩ 2 ) ϭ 2 for all i у k . By our assumptions , we have c ( So , we may suppose that l у 2 (as l must be even) . We shall prove by induction the following , stronger claim .
Claim . For all i
This holds for i ϭ k and all p , by definition . Suppose that the claim is false . Choose the smallest i Ͼ k for which there exists p у 0 such that c ( x i , x i ϩ l ϩ p ) ϶ p , and the smallest such p .
We have c (
We conclude that p ϭ 0 : otherwise , we have a contradiction with minimality of p .
. Now , repeatedly applying Lemma 3 . 5 , we conclude that c ( x i , x i ϩ l Ϫ 2 ϩ j ) ϭ j for all j у 0 , contrary to minimality of l -the claim is proved .
Let C be the corridor of width l containing the segment ( x k , . . . , x k ϩ l ϩ 2 ) . We see that C and E are two double ends having a common right end . So , by [2 , Proposition 3 . 4] , they coincide , and the theorem is proved .
ᮀ
The set of all corridors together with their widths uniquely determines codistance function . Indeed , every pair ( x , y ) of vertices at distance l such that c ( x , y ) ϭ 0 appears in some corridor of width l ; and the set of such pairs uniquely determines the codistance . In particular , given all corridors with their widths , one can find all twin apartments . The following theorem gives a simple criterion when two corridors determine an apartment . Let i у j у 0 .
Therefore the codistance c ( x i , z ) decreases from i to 0 when the vertex z moves along the path
If i у j у 0 then from ␣ we similarly have c ( x 0 , y j ) ϭ j , c ( x Ϫ 1 , y j ) ϭ j ϩ 1 , and x 1 ϶ x Ϫ 1 . Therefore the codistance c ( z , y j ) decreases from j to 0 when the vertex z moves along the path ( x 0 , x 1 , x 2 , . . . , x j ) . So , c (
The case in which both i and j are negative is considered similarly . Now let ( x i ) and ( y i ) have no edges in common . Let ( x j , z 1 , . . . , z l Ϫ 1 , y k ) be the shortest path joining ( x i ) with ( y i ) (it can be of length 0 if ( x i ) and ( y i ) have a common vertex) . Without loss of generality , we can assume that j ϭ 0 and k у 0 . The corridors
and as before , using Lemma 5 . 3(4) , we find that
Conversely , let 0 р k р l , and
be two corridors of widths l Ϫ k and l ϩ k respectively . We shall prove that for every i , j
we have
First let j у k . If i р 0 then both x i and y j are in ␣ , and c ( 
. A UTOMORPHISMS
In this section we shall consider automorphism groups of halved twin trees , and their place within automorphism groups of whole twin trees .
Let -be a twin tree . By Aut 0 -we shall denote the group of type-preserving automorphisms of -; it is of index at most 2 in the group Aut -of all automorphisms , and Aut 0 -ϭ Aut -whenever the valencies of the two types of vertices are distinct .
We say that the group Aut 0 -is large if it is transitive on pairs of opposite edges . In case of valency 3 , this condition is equivalent to the Moufang condition [2] ] . When valency is more than 3 , the exact relationship between these two conditions is unclear . 
) if x and y are in the same half of -; ) . Double transitivity of S implies that this is true for d ϭ 0 (as in the proof of Lemma 6 . 1) .
The induction step is subdivided into three cases . 
The remaining cases will be dealt with by similar arguments ; sometimes with more than one intermediate step . We can view the tree T as embedded in the plane in such a manner that for each vertex the edges incident to it go counterclockwise in this ordering . The group of automorphisms of T preserving this embedding is freely generated by a rotation around a vertex (an element of order 3) , and a rotation interchanging two adjacent vertices (an element of order 2) . The lemma follows . Consider any pairing π of -. Lemma 3 . 2(b) implies that π is uniquely determined by any pair of edges ( e , π ( e )) . Therefore , any automorphism moving ( e , π ( e )) to ( f , π ( f )) preserves the pairing π . Thus , the group Aut( -, π ) must be edge-transitive . But Aut( -, π ) р H , by Lemma 7 . 1 , and the edge-transitive subgroups of H are H and G 3 . Therefore , Aut 0 ( -, π ) ϭ G 3 , and the theorem is proved . 
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